Deformed Special Relativity in Position Space by Hossenfelder, S.
ar
X
iv
:g
r-q
c/
06
12
16
7v
2 
 2
5 
M
ay
 2
00
7
Deformed Special Relativity in Position Space
Sabine Hossenfelder∗
Perimeter Institute, 31 Caroline St. N, Waterloo, Ontario, N2L 2Y5, Canada
We investigate how deformations of special relativity in momentum space can be extended to position space
in a consistent way, such that the dimensionless contraction between wave-vector and coordinate-vector remains
invariant. By using a parametrization in terms of an energy dependent speed of light, and an energy dependent
Planck’s constant, we are able to formulate simple requirements that completely determine the active transfor-
mations in position space. These deviate from the standard transformations for large velocities of the observed
object. Some examples are discussed, and it is shown how the relativistic mass gain of a massive particle is
affected. We finally study the construction of passive Lorentz-transformations.
PACS numbers: 11.10.Gh, 11.30.Cp, 12.90.+b
I. INTRODUCTION
The Planck length is generally expected to act as a reg-
ulator in the ultraviolet, or as a fundamentally finite length
respectively. Consequently, the corresponding Planck mass
should be an observer independent energy scale. The require-
ment that Lorentz-transformations in momentum space leave
this scale invariant leads to a class of deformations of spe-
cial relativity (DSR). As one of the most general expectations
from a theory of quantum gravity, these modified Lorentz
transformations have received much attention in the last years
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. We will in
the following refer to DSR as the class deformations that has
been examined in this context, and - maybe more accurately
- has also been named ’Doubly Special Relativity’, pointing
towards the presence of two observer invariant scales.
Despite the fact that it is possible to use kinematic argu-
ments to predict threshold corrections, a fully consistent quan-
tum field theory with DSR is still not available. Though
there are notable attempts [16, 17, 18, 19], one of the ob-
stacles on the way is a formulation of DSR in position space,
which is essential for a meaningful interpretation of the action
principle[51]. The understanding of DSR in position space
is also crucial for the derivation of conservation laws from
space-time symmetries [17, 19, 20].
There are so far two approaches to the problem. The
one requires a non-commutative structure on the phase space
[21, 22, 23, 24, 25, 26, 27], the other one results in an en-
ergy dependend metric [28, 29, 30, 31, 32, 33, 34, 35, 36].
The latter formulation is quite intuitive if one keeps in mind
that a particle causes space-time to be distorted through its
energy, and the background therefore should strictly speaking
be a function of the particle’s energy. This is nothing but a
consequence of the backreaction problem in general relativity
[17]. However, as shown in [29], this notion of an energy de-
pendent metric results in a confusing definition of the relative
velocity, and an explicit expression for the transformations re-
mains to be given. In particular, one question that one would
like to clarify is how a speed of light that can approach in-
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finity in some models of DSR can not single out a preferred
notion of equal time slices. Or, to put it differently, how can
all observers with relative motion agree on the speed of light
being infinite? Another question arising from this is whether a
massive particle still experiences an upper bound on its speed
if the speed of light can approach infinity.
As we will show in the following, the physical definition of
the relative velocity of reference frames can be used to fix the
ambiguity in the parametrization of Lorentz transformations.
By keeping track of the dimensionality of quantities, we show
that conjugated quantities can transform appropriately without
the need to introduce an energy dependent metric, or a non-
commutative geometry.
As pointed out in this earlier work, DSR can either be
seen as a theory that effectively describes particle interactions
in space-time regions of non-negligible curvature – in which
case only the virtual particles are subject to DSR – or the sin-
gle free particle’s properties are also described by DSR. In the
latter interpretation, the momentum of free particles becomes
a non-additive quantity, which leads to conceptual problems in
the formulation of a field theory, such as the proper definition
of conserved quantities in interactions, and the transformation
of multi-particle states (also known as the soccer-ball prob-
lem). A general goal of our investigation should be to decide
which of the two interpretations that were discussed in [17]
can be pushed forward to eventually result in a cleanly de-
fined quantum field theory. The aim of this paper is to focus
on the observer-independent description in position space.
This paper is organized as follows. In the next section we
recall the formalism of DSR in momentum space, and clarify
the notation that we will use. In the third section, we will for-
mulate some requirements to extend the symmetry to position
space. We start with deriving the active transformations and
examine some examples. We then turn towards the passive
transformations, followed by a discussion of the results.
Exceptionally, h¯ and c are not equal to one, and will be car-
ried through the paper. mp is some mass scale, to be identified
with the Planck mass.
2II. DEFORMATION IN MOMENTUM SPACE
We will use the notation introduced in [16, 17, 37]. The
quantity p = (E, p) transforms as a standard Lorentz-vector,
and is distinguished from k = (ω,k), which obeys the modi-
fied transformation that is non-linear in k. The former quan-
tity p can always be introduced, the important step is eventu-
ally its physical interpretation. As investigated in [17], there
are two conceptually different ways to attach physical mean-
ing to these quantities. In the approach of [16], p is the physi-
cal momentum four-vector, to be distinguished from the wave-
vector k. Whereas in the more common approach k plays the
role of both, momentum and wave-vector, and p is a pseudo-
variable, useful for calculations, but void of physical content.
The following formalism can be used for both interpretations.
A common notation for the relation between p and k is
ω = E f (E) , k = pg(E) . (1)
This does cover the most common DSR realizations, but a
general relation can be of the form
k = F(p) = (E f (p), p g(p)) , (2)
with the inverse p = F−1(k). As examined in [37] these the-
ories can, but need not necessarily have an energy dependend
speed of light. I.e., since the relation is invertible one sees im-
mediately that a function of the form (ω,k) = (Eg(E), pg(p)),
which has been used e.g. in [16], does not modify the
light-cone, a choice that is unfortunately not covered by the
parametrization (1).
An obvious requirement is that the function F reduce to
multiplication with h¯ in the limit of energies being small with
respect to the Planck scale. In order to implement a maxi-
mum energy scale, either one or all components of k should
be bounded by mp. Since we eventually are interested in con-
structing a quantum field theory which respects the deformed
Lorentz-symmetry as well as CPT-symmetry, we should fur-
ther demand that F be an odd function F(−p) =−F(p).
For the following it will be useful to recast the notation in
two functions that play the role of an energy dependend speed
of light, and an energy dependent Planck’s constant
c˜(p) = ωk = c
f (p)
g(p)
, ˜h¯(p) = 1f (p) , (3)
such that we have
E = ˜h¯ω , cp = ˜h¯c˜k . (4)
It is well known that under quantization, these modifications
lead to a generalized uncertainty principle [37, 38, 39, 40, 41].
One should keep in mind that c˜ is just a general function of
the energy of the particle under consideration, which has the
property that for a photon with Eγ = cpγ, it coincides with the
photon’s energy dependend speed. The constant c is a param-
eter which agrees with the speed of light in the low energy
limit and is thus our familiar constant c. For a massive parti-
cle, the relations Eqs. (4) however, will not be a function of
some photon’s energy, but of the particle’s energy itself. In
particular, one notices that even in the restframe, p = 0, of a
massive particle c˜ is not identical to c. Instead, c is multiplied
by a function of m2, where first deviations[52] for c˜/c−1 will
be suppressed with a power of m2/m2p.
It’s been known for some while how to achieve a transfor-
mation that maps k → k′ and respects the invariance of the
modified dispersion relation
(˜h¯c˜k)2− (˜h¯ω)2 = (˜h¯′c˜′k′)2− (˜h¯′ω′)2 , (5)
where we use the notation ˜h¯′ = ˜h¯(p′), c˜′ = c˜(p′). Or, since F
is invertible this can also be read as ˜h¯′ = ˜h¯(k′), c˜′ = c˜(k′). In
fact, these transformations are straight forward to derive for a
given c˜, ˜h¯. One just keeps in mind that the relation for (E, p)
is the standard relation
(cp)2−E2 = (cp′)2−E ′2 , (6)
from which one finds the standard Lorentz transformation in
momentum space:
E ′ = γw(E−wp) , p′ = γw(p−
w
c2
E) . (7)
where 1/γw =
√
1−w2/c2. Note that so far, the w that ap-
pears in this equations is nothing but a parameter that labels
the transformation. It doesn’t yet have a physical meaning.
The index on the γw indicates for later convenience that γw
strictly speaking also is a function of the parameter w that la-
bels the transformation. We will denote these transformations
with p′ = L(w,p).
Now one gets the modified Lorentz-transformations acting
on k by
k′ = F(p′) = F(L(w,p)) = F(L(w,F−1(k))) , (8)
which yields
ω′ =
E ′
˜h¯′
= γw(ω−w
c˜
c
k)
˜h¯
˜h¯′
k′ = cp
′
c˜˜h¯
= γw(k−
v
cc˜
ω)
c˜
c˜′
˜h¯
˜h¯′
. (9)
The transformations Eqs. (9) will be non-linear in (ω,k) since
c˜ and ˜h¯ are functions of these quantities as well. By construc-
tion, the transformations respect implemented upper bounds
on one or all components of k. For special choices of c˜ and ˜h¯
one finds the DSR transformations used in the literature. We
will denote these transformations as k′ = L˜(w,k).
One known problem with this approach is that bound sys-
tems of elementary particles can very well exceed the Planck
mass, and the transformations therefore can not apply for
them. The reason for this mismatch, also known as the
soccer-ball problem, is the non-linearity of the transforma-
tions, which should be suppressed when the number of con-
stituents grows. Unfortunately, even if a classical argument
was available, it could not easily be transferred to quantum
systems, in which the total number of constituents is a very
ill defined notion due to virtual particle content. Though large
3progress has been made regarding the solution of this problem
[19, 30, 43, 44, 45, 46], the issue is still not completely settled
and open questions remain [13, 42, 47].
For such multi-particle systems it is then not a-priori clear
how to generalize the here used approach with constants be-
ing modified to energy dependent functions, as it is not clear
which energy these functions should depend on. Through-
out this paper however, we will deal with single particles for
which the energy on which these functions depend is just the
particle’s energy.
It should also be noted that the soccer-ball problem is not
present in the interpretation of DSR given in [17]. In this
case, modifications do only arise if the total energy of a sys-
tem, or an interaction taking place, causes a strong enough
background curvature to make quantum gravitational effects
non-negligible. This is in general not the case for typical sys-
tems bound through the standard model interactions. In the
following sections, we will examine the consistency of the
more common interpretation, in which the free particle also
is subject to the DSR formalism.
III. DEFORMATION IN POSITION SPACE
If one wants to construct a field theory that respects a de-
formed Lorentz-symmetry, it is essential for the Lagrangian
formulation to have the corresponding transformation in posi-
tion space. It is also necessary to understand the properties in
position space in order to obtain conserved Noether charges
that can be derived from the symmetry principles. One might
argue that knowledge of the position space formulation is not
necessary to arrive at the threshold corrections which arise in
some formulations of DSR. But a position space description
definitely is necessary if one wants to investigate whether a
possible energy dependence of the time of flight is present,
and measurable, e.g. for high energetic photons from γ-ray
bursts. For a recent evaluation of the detectability see e.g.
[49].
The approach pursued in [29] is way leading, but it still
remains the question how the transformations explicitly are
constructed. The resulting final transformation between two
reference frame with a relative velocity v should be a function
only of this parameter, as there is no other parameter in the
game.
For completeness let us first recall the derivation of the
usual Lorentz transformations in position space
∆t ′ = γ(− v
c2
∆x+∆t) , ∆x′ = γ(∆x− v∆t) , (10)
which one derives most easily as those transformation that
leave the line element in Minkowski space invariant, i.e. the
Lorentz transformations are just SO(3,1), obviously. If one
does so, one is left with one free parameter which can be fixed
by requiring that the origin of the unprimed space moves with
velocity −v, i.e.
∆x′
∆t ′ (∆x = 0) =−v . (11)
Now let us construct the modified transformations in position
space that close with the above defined transformations on p,
or k respectively (since we have shown that the one implies
the other if c˜ and ˜h¯ are given).
Let us start with considering active transformations. The
expected modification of the standard requirement is that for
an active boost, there is no such constant as c. Instead c˜ itself
also transforms and turns into c˜′. In addition, one has first to
make sure that the contraction of the examined quantity with
p results in a dimensionless scalar. That is, the quantities need
to have dimension of an inverse energy [53]. The requirement
of invariance in space-time is now(
∆x
˜h¯c˜
)2
−
(
∆t
˜h¯
)2
=
(
∆x′
˜h¯′c˜′
)2
−
(
∆t ′
˜h¯′
)2
. (12)
Since we are considering active transformations, we are de-
scribing a particle moving in a restframe with a relative mo-
tion v, and are asking how the particle’s properties transform
with the parameter v, which is an observable. We assume
that we are considering the particle’s motion on macroscopic
scales considerably above the Planck scale, such that its loca-
tion (but not necessarily its energy or velocity) has the stan-
dard, classical, properties. The particle’s position should thus
be interpreted as an expectation value.
We are lead to the transformations
∆t ′ = γ˜v(−
v
c˜c˜′
∆x+∆t)
˜h¯′
˜h¯
, (13)
∆x′ = γ˜v(∆x− v
c˜
c˜′
∆t)
˜h¯′
˜h¯
c˜′
c˜
, (14)
where 1/γ˜v =
√
1− v2/c˜′2, which arises since we were now
able to fix the parameter in the transformations by using
the consistency requirement Eq.(11). In these equations,
the quantity c˜′ carries the information about the particle’s
properties[54]. The transformations relate a particle with rest-
mass m in a restframe to the same particle with velocity v
relative to the restframe.
However, these transformations aren’t yet fully satisfactory.
First, we are left with fixing the parameter w in the momentum
space transformations Eqs.(9). For this we have to relate the
position space with the dual space, and so we examine the
invariance of the contraction −∆tω+∆xk = −∆t ′ω′+∆x′k′.
From this one can easily identify the parameter w in Eqs. (9)
to be w = vc/c˜′. So, the transformations in momentum space
finally read:
ω′ = γ˜v(ω− v
c˜
c˜′
k)
˜h¯
˜h¯′
,
k′ = γ˜v(k−
v
c˜c˜′
ω)
c˜
c˜′
˜h¯
˜h¯′
(15)
E ′ = γ˜v(E− v
c
c˜′
p) ,
p′ = γ˜v(p−
v
cc˜′
E) . (16)
For massless particles the transformations are now completely
determined if one knows the energy of the particle, since the
4very definition of c˜ provides us with a direct, and invertible,
relation between the massless particle’s energy and its speed.
But for a massive particle, we still need to know c˜′ in the
boosted frame, which requires knowledge about the transfor-
mation of the energy as a function of the relative velocity.
The question that we are facing now is, given that we define
c˜ in one restframe, then how does this look like in another
reference frame that moves relative to the first with velocity
v? That is, what we need is c˜′ = c˜(m,v), which removes the
energy dependence of the transformation.
This missing relation is already implied by the DSR trans-
formations in the form
c˜′ = c˜(p′) = c˜(L(v,p) , (17)
˜h¯′ = ˜h¯(p′) = ˜h¯(L(v,p)) , (18)
where p can be chosen as (m,0), and the functions ˜h¯ and c˜ are
the input of the theory. The complication which arises is that
L(v,p) is again a function of c˜′ and ˜h¯′, so the Eqs. (18) are
two implicit equations for the desired two quantities, which
will in general be hard to solve. In principle however, the re-
quirement that c˜′ has to fulfill these equations gives the desired
relation between c˜′, m and v, which one can eventually insert
in Eqs. (14) to obtain the Lorentz-transformations in position
space.
If one closes the transformations with these requirements,
the transformations in position space are no longer energy de-
pendend for a massive particle, since the relativistic energy
can be expressed through the particle’s rest mass and its rel-
ative velocity. For a massless particle, the transformation de-
pends on the particle’s energy. By construction (12), the en-
ergy dependence of the massless particle’s speed is respected
by the transformations.
It is also straight forward to derive the addition law for ve-
locities. With the notation c˜′′ = c˜(w), ˜h¯′′ = ˜h¯(w) one finds
u =
vc˜′′
c˜′
+w
1+ vw
c˜c˜′′
. (19)
Since c˜ is a function of the velocity, this is not the standard ad-
dition law[55]. One verifies easily that a particle moving with
the speed of light (v= c˜′, or w= c˜′′) does so still after applying
an additional boost (it follows u = c˜′′). The new transforma-
tions still form a representation of the Lorentz-group, since
they are isomorphic to the standard tranformation under ap-
plying the map provided by the relation between the physical
velocity and the parameter labeling the standard transforma-
tions.
But maybe most importantly, one sees that it is possible
to formulate DSR in position space without the need to use
non-commutative geometries, or an energy dependent met-
ric. It is also interesting that a modification of the Lorentz-
transformation occurs both for p as well as for k if we demand
x, t to be usual coordinates, from which we can sensibly define
a relative motion. The underlying reason for this is that (from
dimensional arguments) it is k that generates the translations
in space-time[56]. Since it has been argued that predictions
of DSR can always be made to vanish by a redefinition of pa-
rameters [48], it is worthwhile to stress that this result shows
that such a redefinition does not remove the deformation of
the transformation, since an interpretation of the parameters
relies on a proper definition of the relative velocity. If one
starts with a modified dispersion relation for the wave-vector
that contracts with space-time coordinates, a redefinition to
pseudo-variables will not suffice to declare the theory void
of context. As one can see from the argument above, in this
case the pseudo-variables will obey modified transformation
behavior as well, since the parameter of a relative velocity ap-
pearing in these transformations is still connected to the mod-
ified quantity which is contracted with the coordinate vector.
Let us briefly summarize the assumptions that we made
to arrive at this result. First, though we did not explicitly
state it, we assumed that the DSR has the same form for all
kinds of particles. We have further assumed that the scalar
product in position space Eq.(12) takes into account that the
speed of light, and Planck’s constant, also transform under a
change of the relative velocity. The importance of Planck’s
constant arises from the need to connect conjugated quanti-
ties. We were left with one free parameter that we could ex-
press through the relative velocity. A consistency requirement
on the contraction over position and the dual quantities even-
tually allows us to express the energy dependence of c˜ and ˜h¯
as a velocity dependence. If one likes, one can pull out the
additional factors in Eq.(12), and define them to be content
of a modified metric, which then coincides with the approach
in [29]. The components of the metric can alternatively be
expressed as functions of the particle’s energy, or its veloc-
ity. One should note that the soccer-ball problem stays with
us when we go from momentum to position space.
So far, we have examined active transformations that relate
particles with different velocities. We will now turn towards
the question: is it possible to construct passive ’deformed’
Lorentz transformations acting on our space-time coordinates,
such that an energy dependend speed of light c˜(E) is allowed
to remain observer independent?
With a passive transformation we mean a change of coordi-
nates, as opposed to an active transformation which changes
the velocity of an observed object, but not the coordinates it is
described in. The latter possibility is what we have examined
in the previous section. The transformations that we are look-
ing for now are deformed in the sense that they respect the
postulated DSR transformations in momentum space, which
give a prescription on how E relates to E ′. With observer inde-
pendent we mean that all observers agree on the relation c˜(E).
That is, if one observer sees a particle with E and c˜(E), then
the boosted observer who measures the particle having energy
E ′ measures its speed to be c˜(E ′).
We will also require observer independence to include in-
dependence of the space-time location. This is a requirement
that can be altered if one wants to use a background that ex-
plicitly breaks the maximal symmetry of Minkowski space.
We will come back to this in the discussion in section III A.
We are looking for a passive transformation ΛP that takes
the coordinates of restframe A with (t,x) to that of restframe
B with (τ,χ). Independence of the physics on the space-time
location means that the transformation has to be linear. If it
wasn’t, it would depend on t and/or x and break homogeneity
5of time, and/or homogeneity and isotropy of space. For con-
venience, we will then in the following talk about space and
time distances to an arbitrary point t0,x0 in restframe A that
corresponds to τ0,χ0 in restframe B, and use the distances of
coordinates to this point ∆t,∆x, and ∆τ,∆χ. Thus, the trans-
formation can be written in matrix notation as
ΛP =
(
Λτt Λτx
Λχt Λ
χ
x
)
, ΛP
(
∆t
∆x
)
=
(
∆τ
∆χ
)
. (20)
Again, we keep in mind that space-time coordinates, or dis-
tances, might loose a distinct meaning close by the Planck
length. Therefore let us stress again that we are considering
macroscopic effects, as for example the time of flight analysis
for γ-ray bursts within DSR where ∆x∼Gpc, and particles in
the space-time with energies of E ≤ mp. For such scales, co-
ordinates and distances should exist and behave as usual. For
a more detailed argument, see the discussion in section III A.
We are examining passive transformations which are pa-
rameterized by the relative velocity of reference frames v 6= 0,
the parameter being given by ∆x/∆t(∆χ = 0) := −v. From
this it follows that
Λχt = vΛχx . (21)
We further require ΛP to be invertible, as not to result in a
lower dimensional target space. Now to the photons. In rest-
frame A two photons with energies E1 and E2 6= E1 have to
obey
∆x
∆t = c˜(E1) ,
∆x
∆t = c˜(E2) , (22)
where ∆x could either be positively or negatively valued, and
we have chosen both ∆x to be the same. I.e. the photons are
received after they traveled the same distance in restframe A,
but with a possibly different time span. In restframe B we
have then
∆χ1
∆τ1
= c˜(E ′1) ,
∆χ2
∆τ2
= c˜(E ′2) , (23)
where the relation between E1,2 and E ′1,2 is given by the DSR
transformation and in principle known. We will not need it
explicitly, but we notice that c˜ should be a smooth and mono-
tonically increasing function, as to be invertible and thus from
E1 6= E2 it follows c(E1) 6= c(E2). To arrive at these equa-
tions for different photons, it is not necessary to actually have
a system with both photons present.
From Eqs.(22) and (23) one gets
Λτt
c˜(E1)
+Λτx−
1
c˜(E ′1)
(
Λχt
c˜(E1)
+Λχx
)
= 0 , (24)
that is one constraint on the entries of Λp.
We could repeat this procedure for n different photons of
different energies, which will inevitably bring us into trou-
ble with the construction of a linear transformation. Let us
do a quick counting of variables to examine the issue of de-
termining the matrix that we are looking for. ΛP has four en-
tries. Each equation for one photon gives two equations. For n
photons with energies E1,E2, ...En one had 2n equations. But
each photon also adds one unknown ∆χn. Taken together this
means measurement of n photons of different energies yield
2n equations for 4+ n unknown variables.
Thus, the transformations were already fully determined if
one would considers 4 photons of different energy, and over
determined for all additional photons of which we potentially
have infinitely many. These equations can be fulfilled if and
only if infinitely many of the equations of the form (24) for all
possible energies are linearly dependend. Taken together with
the requirement that c˜ be a smooth function this means c˜ has
to be constant.
A. Discussion
The results of the previous section indicate an inherent con-
flict between energy dependence of the speed of light, and ob-
server independence. As pointed out before, it is of course
possible to explicitly break observer independence to allow
an energy dependent speed of light. Caused by a preferred
background frame (e.g. given by the CMB), one can postulate
c˜(E) to hold only in one frame (e.g. the one in rest with the
CMB). Since it doesn’t really make sense to say in any other
frame photons don’t travel with the speed of light, let us in-
stead formulate it as: in every other frame the relation c˜(E) is
modified. These conclusions seem to favor versions of DSR
that have an energy dependend Planck’s constant, but not also
an energy dependent speed of light.
One should note that the above derivation rests on a fairly
general argument. If one has a linear transformation acting
on a space, one can’t take arbitrarily many independent di-
rections and require them to transform according to a given
function (in this case c˜). In case c is constant, all of the pho-
tons trajectories are linearly dependent, and thus the system is
fully determined, but not over determined.
It is in the above made assumption that it matters whether
we consider an active or a passive boost. For the passive boost,
we are looking for a transformation between the two coordi-
nate systems A and B. For an active boost on the contrary, we
were considering n different particles, whose transformation
properties can in principle be different. In particular, as we
have seen it turned out that the transformations depend on the
particle’s energy.
Now, for the passive boosts in principle a particle with en-
ergy E would cause a distortion of the geometry and thereby
influence the measurement of distances. Strictly speaking,
the transformation ΛP therefore should also be a function of
the particle’s energy. For the same reason, the transforma-
tion should strictly speaking not be linear, since the very pres-
ence of the observed particle breaks homogeneity and causes
a position dependence. One might call this an observation de-
pendence of the coordinate transformation. However, since
we are considering macroscopic distances and particles with
energies below the Planck scale, such observation dependent
effects are negligible, as can easily be estimated.
Consider a particle of energy E ≤ mpc2 somewhere in the
coordinate system, say at position xE . We might not know
6what the particle’s gravitational field looks like at a Planck
scale distance, but we know it obeys the laws of General Rel-
ativity for distances far above the Planck scale. In particu-
lar, the potential of the particle vanishes for |x− xE| ≫ lp like
(Elp)/(mpc2|x− xE |). Let us place the particle in the middle
of the distance ∆x, and cut out the quantum gravitational re-
gion of a size ∼ lp. Inside this region, the coordinate distance
gets distorted to an unknown distance that we will denote dQG,
and which should not be of macroscopic size.
Outside this quantum gravitational region, we integrate
over the potential and find the distortion
∆x → dQG + 2
Z ∆x/2
lp/2
dx
(
1−
Elp
mpc2x
)
= ∆x
(
1+
dQG− lp
∆x + 2
Elp
mpc2∆x
ln(∆x/lp)
)
, (25)
where the term in the brackets gives the order of non-linearity
and energy dependence that we can expect for ΛP. Here, the
logarithmic contribution is due to the fact that strictly speak-
ing the potential of the particle never vanishes exactly.
We thus have two contributions. The one is an absolute ad-
ditional unknown term of the order of the Planck length that,
no matter what its exact value, should eventually become neg-
ligible for sufficiently large distances. This is a consequence
of the fact that we have only one particle, and its influence
does not scale linearly with the distance. We further have
a contribution that drops with ln(∆x)/∆x, and is completely
negligible relative to the leading order effect. I.e. even for
a Gpc, the logarithm of ∆x/lp is only ∼ 60. As one expects,
the correction terms become non-negligible for very small dis-
tances ∆x∼ lp.
This has to be contrasted with the modification of the pas-
sive boost that would be required to enable observer indepen-
dence of the energy dependent speed of light. If we allow a
transformation from one coordinate system to the other to de-
pend on the observed particles energies, then we can fulfill
the requirements formulated above in assumption three even
though the speed of light is energy dependent. The transfor-
mation that we would then inevitably be lead to were the same
as the active boosts derived in the previous section. That is,
DSR with an energy dependent speed of light would require a
particle of mass E ≤mpc2 to distort arbitrarily large distances
∆x by a factor that does not depend on the distance, but only
on the energy of the particle
∆x→ ∆x
(
1+O
(
E
mp
))
, (26)
which is in strongest disagreement with our estimate Eq. (25).
In fact, one can reverse the steps that lead to our estimate
above with the modification Eq.(26). Using an ansatz of an
arbitrary potential that should lead to Eq.(26), one finds that
the particle’s influence on the background does not drop with
the distance to the particle. This is a very unusual modification
of the gravitational field which should be motivated carefully.
IV. CONCLUSION
We have examined an extension of deformations of special
relativity from momentum to position space, and have shown
that a class of active boosts can be constructed that respects
the momentum space symmetry. For this, it was not neces-
sary to introduce non-commutative coordinates, or an energy
dependent metric, though the approach presented here can be
formulated in terms of the latter. We have examined modifi-
cations of the relativistic mass gain of a massive particle in a
theory with deformed Lorentz-symmetry, and shown that the
particle’s energy does not diverge for any finite speed. We
have further examined how passive transformations can be
constructed, and were lead to the conclusion that this attempt
is in conflict with an energy dependent speed of light.
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